We study the effects of electric field strength on the mobility of soot-like fractal aggregates (fractal dimension of 1.78). The probability distribution for the particle orientation is governed by the ratio of the interaction energy between the electric field and the induced dipole in the particle to the energy associated with Brownian forces in the surrounding medium. We use our extended Kirkwood-Riseman method to calculate the friction tensor for aggregates of up to 2000 spheres, with primary sphere sizes in the transition and near-free molecule regimes. Our results for electrical mobility versus field strength are in good agreement with published experimental data for soot, which show an increase in mobility on the order of 8% from random to aligned orientations. Our calculations show that particles become aligned at decreasing field strength as particle size increases because particle polarizability increases with volume. Large aggregates are at least partially aligned at field strengths below 1000 V/cm, though a small change in mobility means that alignment is not an issue in many practical applications. However, improved differential mobility analyzers would be required to take advantage of small changes in mobility to provide shape characterization.
Introduction
The transport behavior of nanoscale particles depends on particle size, shape, and orientation. In the absence of an external field, Brownian motion randomizes the particle orientation, such that the measured transport property (e.g., intensity of scattered light, particle mobility) represents an average over all equally likely particle orientations. In a strong field, particles become aligned in an orientation that minimizes their energy in the field (Fuchs 1964; Li et al. 2014a) . This effect has been demonstrated experimentally by placing particles in an external electric field and measuring changes in scattered light intensity (Weiss et al. 1992; Colbeck et al. 1997) or electrical mobility (Kousaka et al. 1996; Zelenyuk and Imre 2007; Li et al. 2012 Li et al. , 2016 as the field strength changes.
One common experimental technique for sizing nanoparticles involves using a differential mobility analyzer (DMA) to determine the mobility of particles in an electric field. The particle transport behavior is often expressed in terms of the mobility diameter, which is the diameter of a sphere that has the same mobility as that of the particle. For spherical particles, the measured mobility diameter is equal to the geometric diameter and is independent of field strength. However, for nonspherical particles, the mobility is a function of field strength. Plots of mobility versus field strength are typically Sshaped, with the lower plateau at low fields representing fully random particle orientation and the upper plateau at high fields representing fully aligned orientation (Kousaka et al. 1996; Zelenyuk and Imre 2007; Li et al. 2012 Li et al. , 2016 . The increase in mobility (decrease in drag and mobility diameter) with increasing field strength is due to the electrical polarizability of the particles. This means that particles tend to align such that the longest particle dimension is parallel to the electric field. For example, a long, thin rod orients its long axis parallel to the electric field direction at high field strengths.
Researchers have proposed experimental methods for obtaining shape information or separating particles with different shapes by exploiting the dependence of particle mobility on orientation in a DMA (Zelenyuk and Imre 2007; Li et al. 2014b Li et al. , 2016 . Such procedures involve size-selecting particles in consecutive DMAs operated at different field strengths (or, equivalently, at different sheath flow rates). The observed change in mobility may give some clues about the shape of particles in the tandem DMAs.
The present study applies the theory of Li et al. (2014a) for the average particle mobility as a function of field strength to calculate the mobility of aggregates with a fractal dimension of 1.78, which is characteristic of soot and other particles formed by diffusion-limited cluster aggregation (DLCA). In the present study, we apply our extended Kirkwood-Riseman (EKR) method (Corson et al. 2017a ) to obtain the translational friction tensor that appears in the theory of Li et al. (Li et al. 2012 (Li et al. , 2014a . We compare our results to experimental data ) and show how the particle mobility changes with electric field strength for a wide range of primary sphere diameters and aggregate sizes. We also use our EKR method to estimate the particle rotational relaxation time (Corson et al. 2017d ) to evaluate the range of particle sizes for which it is appropriate to apply the orientationally averaged drift velocity method of Li et al. (2014a) to compute particle mobility. Finally, we discuss the implications of our results for obtaining shape information by measuring the effect of electric field strength on particle mobility.
Theoretical methods
Before discussing our theoretical methods in detail, we will provide an overview of its various components. First, we compute the velocity field and the monomer friction coefficient as a function of Knudsen number by solving the Bhatnagar-Gross-Krook (BGK) model equation (Bhatnagar et al. 1954 ) using the method of Loyalka and colleagues (Lea and Loyalka 1982; Law and Loyalka 1986) . The BGK equation is a simplified, linearized version of the Boltzmann transport equation, valid for nearequilibrium situations such as creeping flow of a sphere. This is done once for each Knudsen number, with the velocity results saved for future use.
The second component involves computing the friction tensor for a cluster of monomers by self-consistent computing of the flow field at each monomer resulting from the flow field arising from all the other monomers (Corson et al. 2017a) . The low density of the aggregates is key to carrying out the calculations of large clusters in a short time. This approach was initially used by Kirkwood and Riseman (1948) for computing the friction tensor for macromolecules in continuum flow. By using the BGK results for the flow field in the transition regime, we can compute the friction tensor of clusters composed of equal sized monomer units. We have also applied the theory to determine the rotational friction tensor (Corson et al. 2017c) , which is necessary for assessing the possible effect of rotation on the mobility.
Another element of the analysis is the calculation of the cluster polarizability tensor, which is needed for computing the potential energy associated with alignment. We have obtained the polarizability tensor for the aggregates in this study from ZENO (Mansfield et al. 2001) , which uses a random walk algorithm (Douglas et al. 1994) to compute (among other things) the polarizability tensor for a perfectly conducting particle of arbitrary shape. We assume that aggregate particles (e.g., soot) are perfectly conducting.
The final element involves the matrix manipulations and the ensemble averaging (Happel and Brenner 1965; Li et al. 2014a ) to obtain the drift velocity (mobility) in the direction of the electric field.
We now discuss the theory in more detail in the following sections.
Particle orientation in an electric field
The probability distribution of a particle's orientation in an electric field is given by the Boltzmann distribution (Fuchs 1964) ,
where U is the energy of the particle in the electric field for the particle orientation given by the Euler angles '; u; c ð Þ. This equation shows that the probability distribution is affected by the competition between randomizing Brownian forces from collisions of gas molecules with the particle, and electrical forces that tend to align the particle in a particular direction. For nonpolar materials, the interaction energy includes contributions from free charges on the particle and from an induced dipole due to polarization in the electric field (Bottcher and Belle 1973) . The interaction energy from a fixed charge is
where ! r e is the vector from the center of mass to the point charge and ! E is the electric field. For a conducting particle, the interaction energy from an induced dipole is given by (Bottcher and Belle 1973) 
where a is the electrical polarizability tensor. According to Fuchs (1964) , aerosol particles can be assumed to be conductors, even when comprised of nonconducting materials, due to the presence of surface contaminants.
From Equations (2) and (3), the free charge and induced dipole interaction energies increase linearly and quadratically, respectively, with electric field strength. Furthermore, the charge interaction energy increases linearly with particle characteristic length, while the induced dipole interaction energy increases linearly with particle volume. Because the polarization energy increases with a 3 . while the charge energy increases with a, and because the particle orientation depends on the Boltzmann factor e ¡ U=kT , we can often ignore the effects of point charges when computing the probability distribution for the particle's orientation. For example, Li et al. (2012) determined that the ratio of polarization energy to fixed charge energy is greater than 10 for carbon nanotubes with mobility diameters greater than 100 nm, while Zelenyuk and Imre (2007) observed no effects of particle charge on the mobility of aligned doublets with primary sphere diameters of 240 nm. Also, for a conducting particle the charge can move rapidly, so that one can consider the charge to be distributed evenly throughout the particle (Bottcher and Belle 1973) . Based on these considerations, we will consider only the polarization energy when computing the particle mobility.
To evaluate the probability distribution (Equation (1)), it helps to define two coordinate systems: a bodyfixed coordinate system x 0 ; y 0 ; z 0 À Á that rotates with the particle, and a space-fixed (or laboratory) coordinate system x; y; z ð Þ (see the online supplementary information [SI] ). For convenience, we will choose the body-fixed axes to coincide with the principal axes of the polarizability tensor. In this representation, the minimum polarization energy occurs when the electric field is along the z 0 -direction. We will set our space-fixed axes so that the z-axis is parallel to the electric field.
The relationship between a vector in laboratory coordinates and a vector in body-fixed coordinates is given by the following relationship:
The rotation matrix A represents three successive rotations from the body-fixed system to the space-fixed system. For the ZXZ sequence of rotations, the rotation matrix is given by where ', u, and c are the angles of the first, second, and third rotations, respectively. One useful property of the rotation matrix is that its inverse is equal to its transpose (Gel'fand et al. 1963) . Because of this property and our choice of laboratory coordinates, the electric field in body-fixed coordinates is given by
where E is the field strength. This shows that the probability distribution is a function of only two of the three Euler angles. Using the above expression for the electric field and noting that the polarizability tensor in bodyfixed coordinates is diagonal, we can explicitly write the interaction energy as
where a 3 > a 2 > a 1 are the eigenvalues of the polarizability tensor.
Average drift velocity of a particle in an electric field
We can use the probability distribution in Equation (1) to calculate the average drift velocity-and thus the mobility-of a particle in an electric field (Li et al. 2014a) . The drift velocity is obtained by balancing the electric force on the particle with the aerodynamic force
for a given particle orientation:
Here, J t is the translational friction tensor and q is the charge on the particle. Combining Equations (1) and (8), we get the following expression for the particle orientation-averaged drift velocity for a given electric field strength:
In general, the orientation-averaged drift velocity is not parallel to the electric field. However, the component of the drift velocity parallel to the electric field is typically much larger than the components of the velocity perpendicular to the field. For example, the perpendicular components of the drift velocity for soot-like fractal aggregates are typically less than 5% of the parallel component. Thus, we can define the particle mobility in terms of the parallel component of the orientation-averaged drift velocity.
Again, we have positioned the laboratory-fixed coordinate system so that the electric field is in the z-direction. The z-component of the drift velocity can be written in terms of the Euler angles and the components of the friction tensor in body-fixed coordinates:
Here, the angle brackets indicate orientation averages based on the distribution given by Equation (1) and the M ij 's are components of the mobility tensor (i.e., the inverse of the friction tensor) in body-fixed coordinates,
In going from Equation (9) to Equation (11), we use the relation between the body-fixed (J t 0 ) and spacefixed (J t ) friction tensors, J
y , where the dagger symbol denotes the transpose of the rotation matrix. Note that Equation (11) reduces to the expressions given by Li et al. (2012) for the special case of an axisymmetric body, where
For a randomly oriented particle, the averaged mobility is
where z 1 > z 2 > z 3 are the eigenvalues of the translational friction tensor. At very high field strengths, the particle will be oriented in the direction that minimizes the electric field interaction energy. Thus, the high-field mobility is
wherek is the unit vector in the z-direction.
Friction tensor for an aggregate
To calculate the orientation-averaged mobility of sootlike particles, we must be able to determine the translational friction tensor for fractal aggregates consisting of N primary spheres with radius a, where the Knudsen number of the primaries (Kn D λ/a) is in the transition regime between continuum (Kn << 1) and free molecule (Kn >> 1) limits. To do so, we will use our extension (Corson et al. 2017a ) of Kirkwood-Riseman theory (Kirkwood and Riseman 1948) from the continuum regime to the transition regime. Kirkwood and Riseman (1948) proposed a method for calculating the translational friction coefficient for a macromolecule or particle consisting of spherical subunits. The drag on each sphere in the aggregate is obtained by considering the effects of the other spheres in the particle on the flow field. The resulting force is the sum of the drag on an isolated particle and the perturbations due to the other spheres:
Here, z 0 D 6pm a is the friction coefficient for a sphere given by Stokes' law, ! U i is the velocity of the ith sphere, and ! T ij is the hydrodynamic interaction tensor. Carrasco and Garcia de la Torre (1999) discuss some of the hydrodynamic interaction tensors that have been proposed in the past and the relative accuracy of the various forms of ! T ij . They conclude that the Rotne-Prager-Yamakawa (RPY) tensor (Rotne and Prager 1969; Yamakawa 1970) -which is accurate to order r ¡ 3 ij , where r ij is the distance between spheres-is sufficiently accurate for practical purposes.
Noting that the product of the RPY tensor and the monomer friction coefficient is similar to the tensor ! V ij describing the flow field around a sphere moving with velocity
Þ, the velocity field around a moving sphere in the transition flow regime (Corson et al. 2017a) :
This EKR approach is valid for creeping flow for any Knudsen number, provided one can accurately solve for the velocity field around a sphere as a function of Kn. We obtain the velocity field and the monomer friction coefficient that appear in Equation (16) by solving the BGK model equation (Bhatnagar et al. 1954) using the method of Loyalka and colleagues (Lea and Loyalka 1982; Law and Loyalka 1986) . The BGK equation is a simplified, linearized version of the Boltzmann transport equation, valid for near-equilibrium situations such as creeping flow of a sphere. We solve Equation (16) for unit particle velocity in the x-, y-, and z-directions to determine the translational friction tensor. Our EKR results for the translational friction coefficient of fractal aggregates compare well to published experimental data and calculational results (Corson et al. 2017a,b) .
Results
To determine the orientation-averaged mobility of fractal aggregates, we solve Equation (11) with the translational friction tensor calculated using our EKR method and the polarizability tensor [which appears in the potential energy term, Equation (7), that affects particle orientation] obtained from ZENO (Mansfield et al. 2001) . ZENO uses a random walk algorithm (Douglas et al. 1994 ) to compute (among other things) the polarizability tensor for a perfectly conducting particle of arbitrary shape. Again, we assume that soot particles are perfectly conducting. The polarizability and friction tensors are specified in terms of the body-fixed axes, which correspond to the principal axes of the polarizability tensor, as discussed previously. We obtain the orientation averages in Equation (11) by integrating numerically using a 2D quadrature method (MATLAB function integral 2). We generate our aggregates using a cluster-cluster algorithm (Mackowski 2006) . For each N, we generate 20 clusters and present the average results of the 20 cases.
Comparison to experimental data
Li et al. (2016) used a pulsed-field differential mobility analyzer (PFDMA) to determine the electrical mobility of soot aggregates composed of 5-nm-radius primaries (Kn D 13.5 for λ D 67.3 nm). They size-selected aggregates with mobility diameters of approximately 129, 154, and 200 nm in a DMA operated at high field (»7000-8000 V/ cm), then used the PFDMA to measure the mobility of these aggregates as a function of electric field strength.
For our calculations, we must first estimate the aggregate size and structure from the reported mobilities. Like Li et al. (2016) , we assume that the aggregates have a fractal morphology,
with fractal dimension d f D 1:78 and prefactor k 0 D 1:3. We determine the number of primaries iteratively until we obtain a set of particles whose average random mobility (as calculated using our EKR method) is in good agreement with the experimental mobility at low field. We repeat this procedure for the three data sets, corresponding to mobility diameters of 129, 154, and 200 nm.
As an initial guess for N, we solve for N in our expression for the friction coefficient of DLCA aggregates (Equation (38) of (Corson et al. 2017b) ):
The friction coefficient is related to the mobility by z D q=Z. Figure 1 compares the results of our calculations to data from Li et al. (2016) . Overall, the results are in good agreement with the data, enabling us to consider a parametric study outside the bounds of available experimental data.
Effects of aggregate size and field strength on mobility
Now that we have shown that the theory of Li et al. (2014a) used in concert with our EKR method can be used to calculate the orientation-averaged mobility of soot as a function of electric field strength, we will use this approach to calculate the mobility of DLCA aggregates over a wider range of primary spheres and aggregate sizes. Again, our mobility results represent the average of 20 realizations from our fractal generator. Our calculations assume that Brownian rotation is slow compared to the translational relaxation time of the particles. This means that the drag force and the electric force are immediately balanced at each particle orientation. Mulholland et al. (2016) show the slow rotation limit applies for reduced rotational velocity a nr D 2D r;min t t < 0:05. Here, t t D m=z h is the translational relaxation time, z h is the translational friction coefficient computed as the harmonic mean of the eigenvalues of the translational friction tensor, m is the particle mass, and D r;min is the rotational diffusion coefficient of the particle about the axis that yields the minimum D r . We will examine the validity of this assumption in Section 4. Figure 2 shows the effect of electric field strength on the normalized mobility Z=Z rand of N D 100 and N D 1000 aggregates at Knudsen numbers corresponding to primary sphere radii of 25 nm (Kn D 2.7), 13.5 nm (Kn D 5), 9.6 nm (Kn D 7), 6.7 nm (Kn D 10), and 5 nm (Kn D 13.5). Particles become aligned at lower electric fields as the primary size and the number of primaries increase. For N D 1000, particles are fully aligned at fields as low as approximately 500 V/cm for the 25 nm primaries versus approximately 5000 V/cm for the 5 nm primaries. The physical basis of this result will be discussed later in the article. The normalized fully aligned mobility for the 1000-sphere aggregates increases slightly with decreasing Knudsen number (increasing primary radius). The maximum increase in mobility from random orientation to fully aligned is approximately 8%. Figure 3 shows normalized mobility versus electric field strength for Kn D 2.7 and Kn D 13.5 at various aggregate sizes. All but the smallest aggregates Figure 1 . Comparison of our calculated orientation-averaged mobilities to experimental data from Li et al. (2016) for mobility diameters of »129 nm, »154 nm, and »200 nm (based on the high-field mobilities). The number of primaries used for the calculations represent the best fits to the data.
with 25 nm radius primaries (Kn D 2.7) are fully aligned at 8000 V/cm, while only the larger aggregates with 5 nm radius primaries (Kn D 13.5) are fully aligned at this field strength. The latter point is consistent with the data of Li et al. (2016) and our results shown in Figure 1 . Note that several of the lines in the Kn D 2.7 plot cross each other. This is due to statistical variations in the fully aligned mobility, caused by the finite number of particles we use to generate the results for each N. We will return to this issue in the final paragraph of this section.
From Figures 2 and 3 , it is clear that particle orientation may not be fully random even at low field strengths. It is useful to determine the maximum field at which the particle orientation is random; we show this maximum field as a function of N and Kn in Figure 4 . Here, we . Maximum electric field strength at which particles are randomly oriented, defined as having a mobility within 0.5% of the mobility in the limit of zero-field strength. Note that results are capped at an upper limit of E D 10,000 V/cm. Figure 5 . Ratio of fully aligned to random electric mobilities for a wide range of primary sphere Knudsen numbers and the number of primaries. The Kn D 0 and Kn D 1 curves represent the continuum and free molecular limits, as calculated using the standard KR theory with the RPY tensor (Chen et al. 1984 ) and using a Monte Carlo code (Corson et al. 2017c ), respectively. Uncertainties of one standard deviation of the mean (based on 20 samples with the same fractal dimension but different morphologies) are shown for the continuum and free molecule results for several N values.
consider the particle orientation to no longer be random when the mobility increases by 0.5% from the mobility in the limit of zero field. Again, particles begin to partially align at lower field strengths as particle size (both N and a) increase.
Finally, Figure 5 shows the mobility ratio, Z align / Z rand , as a function of N for several Knudsen numbers. The random and fully aligned mobilities are calculated using Equations (13) and (14), respectively. Generally speaking, the mobility ratio is constant with increasing N near the continuum regime and decreases with N in the free molecule regime. At intermediate Knudsen numbers, the aligned versus random behavior becomes more continuum-like at large N; this is analogous to the behavior we have observed for the translational friction coefficient of soot-like aggregates (Corson et al. 2017b ). We will explain this behavior in Section 4. Note that each point in the figure represents an average over 20 particle realizations. To give an idea of the uncertainty in the mean values shown in the figure, we show bounds of one standard deviation of the mean for several N's in the continuum and free molecule limits. See the SI for further discussion about the variability in the mobility ratio results.
The choppiness in the plots in Figure 5 can be explained by the statistics of our results: the standard deviation of Z align / Z rand is approximately 0.03 for all cases, and thus the standard deviation of the mean 3 is approximately 0.007. Assuming our samples are normally distributed about the population mean, we would expect 68% of our samples to be within one standard deviation of the population mean. Indeed, most of the mean mobility ratios for Kn D 0, 0.1, and 1 are within 0.007 of an estimated population mean of 1.085, so it is reasonable to conclude that the spread in Z align /Z rand is partially due to our finite sample size.
Discussion

General observations
Our results show that particle alignment occurs at decreasing electric field strengths as the primary sphere Knudsen number decreases (primary sphere radius increases) and as the number of primaries increases. This occurs because polarizability is proportional to volume, so that interaction energy between the electric field and the induced dipole increases with volume. The particle becomes fully aligned when the magnitude of the interaction energy is significantly greater than the Brownian energy kT.
We also show that the ratio of fully aligned to random mobility is a function of the number of primary spheres and the primary sphere size. Near the continuum regime, the mobility ratio is approximately constant with N, and near the free molecule regime, the mobility ratio decreases with N. We discuss this topic in some detail in the SI, but the brief explanation is as follows: the mobility of an aggregate in the continuum and free molecule regimes is roughly inversely proportional to the radius of gyration (Meakin et al. 1985; Sorensen 2011; Corson et al. 2017b ) and the orientation-averaged projected area (Zhang et al. 2012) , respectively. Similarly, the continuum and free molecule aligned mobilities are correlated to the inverses of the radius of gyration about the major axis of the polarizability tensor (i.e., the z 0 -axis), R gz 0 , and the projected area in the plane normal to the z 0 -axis, PA z 0 (see the SI)s Averaged over 20 cases, the ratio R g =R gz 0 is approximately constant (after accounting for the statistical fluctuations described above) with N, while PA=PA z 0 decreases with N, mirroring the trends in the mobility ratios in the continuum and free molecule limits.
Validity of our slow rotation assumption
Our calculations assume that Brownian rotation is slow compared to translational relaxation, i.e., the aggregates are in the slow rotation limit. To assess the validity of this assumption, we use our EKR method to determine the translational friction coefficient (z h , the harmonic average of the eigenvalues of the friction tensor) and the minimum rotational diffusion coefficient (Corson et al. 2017c) . Using these calculated friction and diffusion Figure 6 . Reduced rotation velocity for a range of primary sphere sizes and Knudsen numbers. Soot density is taken as 2 g/mL, (Dobbins 2002; Park et al. 2004 ). Particles with a reduced rotation velocity less than 0.05 (the dotted line) are in the slow rotation limit.
coefficients, we compute the reduced rotation velocity a nr , as shown in Figure 6 . The figure shows that particles with Knudsen numbers less than 13.5 and more than approximately 50 primary spheres are in the slow rotation limit (a nr < 0:05; Mulholland et al. 2016) ; none of the particles in this study are in the fast rotation limit (a nr > 10). Note that for fast rotation, one should use an orientation-averaged drag approach to calculate the mobility, as opposed to the orientation-averaged drift velocity approach in the slow rotation limit. At low field strength, the fast rotation limit yields a scalar friction coefficient equal to the arithmetic average of the eigenvalues instead of the harmonic average in the slow rotation limit (Li et al. 2014a ). (The two approaches yield the same result for the fully aligned case.) Thus, some of the particles included in this study are not in the slow rotation limit. However, the maximum difference between the mobility calculated using the averaged drift velocity is at most 1% less than the mobility calculated using the averaged drag force for the particles in this study (i.e., those with fractal dimensions of 1.78). In other words, it makes little difference which approach one uses to calculate the mobility of DLCA aggregates. The distinction becomes more significant for particles with a large aspect ratio, such as long, thin rods, where there is a large difference between the largest and smallest eigenvalues of the friction tensor.
Polarizability versus friction
A conducting particle in an electric field will orient itself to minimize its interaction energy with the field, in the absence of any Brownian thermal forces. The minimum energy occurs when the charge separation in the particle is greatest. This means that a rod or a chain of spheres will orient itself such that its long axis is parallel to the electric field, while the fractal particles in our study are oriented such that the axis through the most widely separated two spheres is parallel to the field. One would expect that the minimum drag force also occurs when it moves along its most elongated direction. This is exactly the case for axisymmetric particles like rods and cylinders, so that the most likely orientation of the particle in an electric field is the orientation with the minimum drag. For fractals, the situation is more complicated: there is a finite angle between the eigenvector of the friction tensor corresponding to the minimum drag and the principal axis of the polarizability tensor (the most favorable orientation). In most cases, this angle is small (<10 o ), though we have observed angles as large as 25 o between these two eigenvectors. This means that the most favorable orientation does not necessarily minimize the drag for fractals.
A somewhat related issue is that translating particles with arbitrary shape experience a torque, where the relationship between the particle velocity and the torque exerted by the fluid on the particle is governed by the coupling tensor (Happel and Brenner 1965) . For non-skew particles (such as rods and cylinders), there is no translational-rotational coupling, but for skew particles like fractals the coupling tensor is nonzero. The question is whether or not the hydrodynamic torque is sufficient to overcome the interaction energy between the induced dipole and the field and reorient the particle.
To answer this question, we calculated the coupling torque on 1000-sphere aggregates with a primary sphere Knudsen number of 13.5, using our EKR method to determine the coupling tensor (Corson et al. 2017c ) and the orientation-averaged drift velocity at a field strength of 4000 V/cm (roughly corresponding to the minimum field strength at which the particle is fully aligned). The resulting torque is more than two orders of magnitude lower than the interaction energy. We repeated this calculation for N D 100, Kn D 2.7, and E D 200 V/cm; again, the coupling torque is significantly lower than the interaction energy. This shows that the coupling torque has no effect on the particle orientation at high field strength. 4.4. Using field-dependent mobility to evaluate particle shape
Our results clearly show that particle mobility increases with electric field from a fully random state at low fields to a fully oriented state at higher fields. The transition occurs at decreasing fields for increasing particle size (both in terms of primary sphere size and the number of primaries), as expected since polarizability is proportional to particle volume. This behavior has prompted some researchers to propose methods to separate particles with different shapes by exploiting the changes in mobility at different electric fields, such as by size-selecting particles in a DMA, followed by separation with second DMA operated at a different field strength (Zelenyuk and Imre 2007; Li et al. 2014b) . Using this method, one can distinguish between spheres (or aggregates with fractal dimension near 3) and more elongated particles like rods, chains, prolate ellipsoids, or soot-like aggregates, since the mobility of a sphere does not change with field strength. In practice, this technique may not be feasible for some particle sizes due to limitations of current commercially available DMA operating conditions and configurations. For example, Li et al. (2016) estimate that they cannot operate their experimental system at fields below 1000 V/cm. At this field strength, larger particles are fully aligned (see Figures 2 and 3) , so measuring the mobility at fields of 1000 V/cm and e.g., 8000 V/cm would yield the same result and lead to the erroneous conclusion that the particle is spherical. At the other end of the size spectrum, small fractals experience minimal changes in mobility over the range of electric fields studied here. It may also be difficult to operate a DMA at a low enough field to ensure that the particle orientation is fully random. One can consult Figure 4 to determine if it is possible to select randomly oriented particles for the operating conditions of one's DMA setup.
There are also issues distinguishing between two nonspherical particles with different shapes. For example, the fully aligned mobility of a doublet in continuum flow is 8% greater than the mobility of a randomly oriented doublet (Happel and Brenner 1965; Carrasco and Garcia de la Torre 1999) . This is comparable to the increase in mobility from random to fully aligned orientations for the soot particles included in our study. Thus, a doublet with primary size near the continuum regime and a soot-like particle with the same low-field mobility will behave similarly at higher voltages, making it difficult to distinguish between these particles. As another example, we looked at the effect of the prefactor (k 0 in Equation (17)) on the mobility of DLCA aggregates. While the prefactor does affect the mobility (with lower prefactors resulting in decreased mobility for the same number of primary spheres), it has little effect on the ratio of the fully aligned to fully random mobilities.
Beyond the experimental issues mentioned above, it is also difficult to accurately calculate the mobility of a fractal aggregate in the transition regime. We have estimated that our EKR method yields orientation-averaged translational friction coefficients within 10% of the true value (Corson et al. 2017b) , which translates to uncertainties in any estimate of the primary sphere size or the number of primary spheres. An obvious example is our attempt to fit our results to the data of Li et al. (2016) , as illustrated by Figure 1 : our estimated aggregate sizes (in terms of N) are likely within about 10% of the true value (though the actual error estimate depends on the relationship between N and the friction coefficient). This situation is simplified by the fact that we know the primary sphere size from transmission electron microscopy (TEM) measurements, and we have a good estimate of the fractal dimension and prefactor from numerous studies of soot. See (Sorensen 2011) for a review of these studies.
In total, the above factors mean that while it may be theoretically possible to extract shape information from DMA measurements made at different field strengths, it is difficult, and probably further consideration should be given to development of DMA configurations optimized for this purpose.
Conclusions
We have applied our EKR method for calculating the translational friction tensor of fractal aggregates to verify the theory of Li et al. (2014a) for the average mobility of a particle in an electric field. Our results compare well to published experimental data for soot . Furthermore, we have used our EKR method to calculate the average mobility of aggregates over a range of primary sphere sizes in the transition and near-free molecule regimes with up to 2000 primary spheres. The maximum increase in mobility from random to fully aligned orientations is approximately 8% for the soot-like aggregates (d f D 1:78; k 0 D 1:3) included in this study. While our calculations cover the Knudsen number range of 2.7-13.5-which covers a representative range of primary sphere sizes in soot particles (Koylu and Faeth 1992; Li et al. 2016 )-our approach is valid for any primary sphere size and number of primaries, provided the particle is in the slow rotation limit. (See Corson et al. [2017b,d] for translational and rotational friction coefficient results at larger and smaller Knudsen numbers.)
While it is theoretically possible to use the relationship between mobility and field strength to obtain size and shape information about particles or to separate particles with similar mobility but different shapes, our results suggest there are several practical issues related to the experimental setup and to the accuracy of the methods used to relate the data to size and shape information. It is especially difficult to obtain shape information for either very large or very small soot-like aggregates because large aggregates are fully aligned at even very low field strengths and small aggregates require very high field strengths to align. In these limits, the measured mobility at low (»1000 V/cm) and high (»8000 V/cm) field strengths would be nearly equal, which would suggest-incorrectly-that these fractal aggregates are actually spherical.
